“SU DUNG TINH PON PIEU CUA HAM SO DE GIAI
PHUONG TRINH, BAT PHUONG TRINH VA HE PHUONG TRINH”
Nguyén Nghi
GYV Phan B¢i Chau

Thong thuong ding trudc bai toan giai phwong trinh, hé phuong trinh hay bat
phuong trinh hoc sinh nghi ngay dén dang mau d hoc, phuong phap cong, phuong
phap thé hay phuong phap dat an phy dé giai, nhung thuc té qua cac dé thi dai hoc,
cao dang thi hoc sinh gioi toan bang B vira qua hoc sinh con gip nhiing dang phtrc
tap ma dé gidi nd doi hoi phai ¢6 nhirng nhan xét dac biét. Mot trong nhitng nhan xét
dic biét d6 1a dya trén tinh don diéu ctia ham sb ta co thé tim duoc nghiém phuong
trinh, hé phuong trinh, bat phwong trinh

NOI DUNG

1.1/ Lich sir ctia van dé nghién ctru: Van dé ap dung tinh don diéu ctia ham sb
dé giai phwong trinh, hé phuong trinh hay bat phuong trinh nguoi ta dung tir 1au,
nhung trong sach gido khoa it ¢6 bai toan ap dung cach giai nay, cho nén hoc sinh
khong quen dung va ky ning dung chua dugc tot.

1.2/ Co s6¢ 1y ludn:
Pinh li 1: Néu ham s6 y = f(x) lun dong bién (hoic ludn nghich bién) va lién tuc
trén D thi s6 nghiém ctia phuong trinh f(x) = k (k 1a s6 khong d6i) trén D khong
nhiéu hon mdt nghiém va f(x) = f(y) khi va chi khi x =y véi moi x, y thudc D.
Chung minh:
Gia str phuong trinh f(x) = k c6 nghiém x = a, tirc 12 f(a) = k. Do f(x) dong bién nén
* x > a suy ra f(x) > f(a) = k nén phuong trinh f(x) = k v6 nghiém
* x <asuy ra f(x) < f(a) = k nén phuong trinh f(x) = k v6 nghiém
Vay pt f(x) = k c6 nhiéu nhit 1a mot nghiém.
Chii y:* Tir dinh li trén, ta c6 thé 4p dung vao giai phuong trinh nhu sau:
Bai toan yéu céu giai pt: F(x) = 0. Ta thyc hién cac phép bién d6i twong duong dua
phuong trinh vé dang f(x) = k hodc f(u) = f(v) (trong do u=1u(x), v=v(x)) va ta
ching minh duoc f(x) la ham lu6n dong blen (nghich bién)
Néu 1a pt: f(x) =k thi ta tim mot nghiém, rdi chimg minh d6 12 nghiém duy nhat.
Néu 1a pt: f(u) = f(v) ta c6 ngay u = v giai phuong trinh nay ta tim dugc nghiém.
* Ta ciing co thé ap dung dinh li trén cho bai toan ching minh phuong trinh ¢ duy
nhat nghiém.
Pinh Ii 2: Néu ham s y = f(x) lun dong bién (hoic luén nghich bién) va ham sd y =
g(x) ludn nghich bién (hodc ludn dong bién ) va lién tuc trén D thi s6 nghiém trén D
ctia phuong trinh: f(x) = g(x) khong nhiéu hon mot.
Chtrng minh:
Gia su x = a 1a mét nghiém cua phuong trinh: f(x) = g(x), tire la f(a) = g(a). Ta gia st
f(x) ddng bién con g(x) nghich bién.
*Néu x > a suy ra f(x) > f(a) = g(a) > g(x) dan dén phuong trinh f(x) = g(x) v6
nghi¢m khi x > a.
*Néu x < a suy ra f(x) < f(a) = g(a) < g(x) dan dén phuong trinh f(x) = g(x) v6
nghiém khi x <a.




Vay pt f(x) = g(x) ¢6 nhiéu nhat mot nghiém.

Chii y: Khi gip phuong trinh F(x)=0 va ta c6 thé bién doi vé dang f(x)=g(x), trong d6

f(x) va g(x) khéc tinh don di¢u. Khi do ta tim mdt nghiém cua phuong trinh va chirng

minh d6 14 nghiém duy nhét.

Nhan xét:

+ Néu ham sé f(t) dong bién trén tap D, thi f(x) > f(y) < x >y (v6i x, y thudc D)

+ Néu ham sé f(t) nghich bién trén tap D, thi f(x) > f(y) < x <y (véi x, y thudc D)
1.3/ Nhan dinh, danh gia:

- Nhdn dinh: Nhiém vu cua Gido vién la phai truyén thu cho dugc mot sb
phuong phap giai toan hay, vira strc, ma hoc sinh it gap trong sach gido khoa dé kich
thich sy tim to1, tu duy cho hoc sinh.

- Ddnh gid: Day la mot phuong phap giai toan vira site ddi v6i hoc sinh, hoc
sinh linh hoi khong kho khin, cho nén cac dé thi thinh thoang ra véi cach giai don
gian 1a 4p dung phuong phap nay.

1.4/ Khing dinh sw cin thiét: DSi v6i hoc sinh tham gia cac ky thi dai hoc
hodc thi hoc sinh gioi toan bang B thi day 1a mot phwong phéap giai, can phai biét.

Chuong 2: Thue trang ciia van dé:
Day 1a mot ap dung hay, vira stre doi v6i hoe sinh nhung hoc sinh khong quen
st dung nén gap khé khan khi ding trude bai toan dang nay
Chuong 3: Cac bi¢én phap
3.1/ Co s6 xac 1ap bién phap:
T6i phan chia cac dang 4p dung cua tirng don vi kién thirc nhu sau:

A- VE PHUONG TRINH
Vi du 1: Giadi cac phuong trinh sau:

UNX+3+x+y7x+2 =4 NS —1+32x-1=4-x
> +x+3
3+ 2 +3x+1 =32 +1+324° 4/10g3(x—xj=x2+3x+2

2% +4x+5

Loi giai:

1) Véi phuong trinh+/x+3 ++/x++/7x+2 =4nay néu giai theo cach binh thuong
nhu binh phuong hay dit an phu s& gip nhiéu kho khin. Tuy nhién, néu tinh ¥ mot
chut ta s& thdy ngay VT 1a mot ham dong bién va x =1 1a mot nghiém ctia phuong
trinh nén theo dinh 1i 1 ta c6 duoc x=1 1 nghiém duy nhat.

Vay ta c6 cach gidi nhu sau.

TXD: D=|:7_\/§;+OOJ

2

Xét ham s6 f(x) = Vx+3 +/x+7x+2

7
+
Ta ¢6 f(x) I3 ham s6 lién tuc trén D va £(x) = —a——+—237%+2_ (i c p nén
2Jx+3 2\/x+\/7x+2

ham sé f(x) luén dong bién.



Mit khac, ta thay f(1) = 4

*Néu xeD va x > 1 suy ra f(x) > f(1) = 4 nén phuong trinh v6 nghiém

*Néu xeD va x < 1 suy ra f(x) < f(1) = 4 nén phuong trinh v6 nghiém

Vay x=1 1 nghiém duy nhét cta phuong trinh da cho.

Chu y:

* Vi cac ham sd y = ax + b v4i a > 0 1a mot ham dong bién va néu f(x) 1a ham dong
bién thi ham \/m ( v6i diéu kién can thirc ton tai) cling 14 mot ham dong bién nén
ta dé dang nhan ra VT ciia phuong trinh 13 ham dong bién.

* Khi dy doan nghiém thi ta wu tién nhiing gia tri cua x sao cho céac biéu thirc dudi
dau can nhan gia tri 1a s6 chinh phuong.

2) V6i phuong trmh V55 —1+32x—1 =4—xnay ciing vy néu ding phep bién
doi tuong duong hay dat & an phu sé& gip kho khan va theo chu y trén ta ciing dé dang
nhan thay VT ctia phuong trinh 1a mot ham dong bién va phuong trinh c6 nghiém
x=1. Do d6 phuong trinh ndy c6 nghiém duy nhat x=1 (Cach giai twong tu nhu bai 1).

3) V6i dudng 161 nhu hai bai trén thi ta kho khan dé giai quyét duge phuong
trinh Yx+2 +x+1 =32 +1+32x° nay. Tuy nhién néu nhin ki thi ta thiy cac biéu
thirc dudi ddu cin ¢ hai vé c6 chung mot méi lién hé 1a x+2=(x+1)+1 va
2x’+1=(2x%)+1, do vay néu dat u =x + 1 va v = 2x” thi phuong trinh da cho tr¢ thanh
Yu+1+u = MW’ & f(u) = f(v) v6i f(t) = Yr+1+3¢ 1a ham s6 lién tuc trén R va

co f°(t) = 1 >0,VteR\{-1;0} nén f(t) luén dong bién trén R. Do d6 f(u)

33/t +1)? 3J_

=f(v) cu=v <:>X+1=2X2<:>X=1,X=—%

Vay phuong trinh ¢6 nghiémx =1, x = ——

X’ +x+3

4) Ph trinh: log,| ——————
) Phuong trin Og3[2x2+4x+5

J=x2+3x+2

TXb: D=R

Nhan xét cac biéu thirc tham gia trong phuong trinh ta thay

(2x*+H4x +5) — (xX* + x +3 ) =x" +3x +2

Dovéy,néudétu=x2+x+3 ,v=2x>+4x+5 (u,v>0)thiv—u=x2+3x+2,

khi d6 phuong trinh tr¢ thanh: log, (zj =v-uslogu+tu=log,v+ve fu)=f(v)
v

Trong do f(t) = logst +t voi t > 0
Ta thay f(t) 1a ham lién tuc va dong bién, do vay
fw=f() csu=ve xX*3x+2 =0 ox=-1,x=-2
Vay phuong trinh ¢6 nghiém x =-1, x =-2
Vi du 2: Giai cac phuong trinh sau:

1/3*+4%=5%

2/ (\/g—x/z)x +(\/§+x/§)x z(\/g)x
3/9+2(x-2)3"+2x - 5=0.
Loi gidi:



1) V61 phuong trinh trén rat kho dé ta sir dung cac phuong phap giai phuong
trinh mi dé€ giai. Tuy nhién voi phuong trinh (1) ta dé dang doan duoc mot nghiém
cua phuong trinh 1a x =2. Ta chiing minh x = 2 1a nghiém duy nhat cua phuong trinh.

That vay, phuong trinh (1) < @ +@ _

Vi ham s6 mii véi co s6 duong va nho hon 1 14 ham nghich bién nén dat

f(x) = @ +@ I3 ham s nghich bién, con v& phai 1a ham hing.

Do d6 nghiém x = 2 13 nghiém duy nht.

2) Tuy nhién, v6i pt (V3 -2} +(V3+42 ) =(v5) (2) thi khong d& dé ta doan dugc

nghiém cua pt (2) vi nd vo nghiém.
Odaytadéyrang V3+42>/5>1va0<+3-42 <1

(V3+v2) >(V5)
(ﬁ_ﬁ)x >0

Do vay, khi x >0 ta c6 = VT >VP: Do do6 phtrinh khong c6 nghi¢m

X € (0;+0)
(V3=+2) 1> (5]
(\/§+\/§)X >0

khix <0taco = VT >VP: Do do phtrinh khong c6 nghiém

X € (—0;0)
Vi x =0, ro rang khong thdéa man.
Vay pt (2) v nghiém.
Tt hai phuong trinh trén ta c6 thé tong quat:
Cho phuong trinh a* + b* = ¢* (*), véi a,b,c déu duong khac 1
Khi d6: Néu a <b < ¢ hodc a > b > ¢ thi pt (*) c6 nghiém duy nhat
Néu a < ¢ <b thi pt (*) v nghiém
3) Phuong trinh 9" + 2(x - 2)3* +2x - 5=0
Pit 3% =t > 0, phuong trinh trd thanh: t* + 2(x - 2)t + 2x-5 = 0 < t = -1(loai), t = 5-2x
Véit=5-2xtacd 3" =5-2x
Nhén thiy x = 1 1a m6t nghiém cua phuong trinh.
V& trai 1a ham s6 dong bién con vé phai 1a ham nghich bién.
Do d6 x = 1 1a nghiém duy nhat.

Vi du 3: Giai phuong trinh: 2% +3% =2 +3"" +x+1

Gisi: Ta c6 phuong trinh € 2% +3% +2° =243 4 x+1 (1)

Néu dit u=2"vav=x+ 1 thi phwong trinh (1) tro thanh 2" + 3" +u=2"+3"+v &
f(u) = f(v). Trong d6 f(t) =2'+ 3' + t lién tuc va ddng bién trong R. Do d6 f(u) = f(v)
< u =v ta dugc phuong trinh 2* =x + 1

Cich 1: Tac62"=x+1&2"—x=1

bat g(x)=2"-x.Taco g’(x)=2"1In2 — 1 => g’(x) = 0 x = - logy(In2) = 0,53

Ta co:

+g’(x) >0, Vx e(-log,(In2);+)=> Ham sO g(x) dong bién trong khoang
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(—log,(In2);+00) => Phuong trinh g(x) = 1 ¢6 mdt nghiém duy nhét

X = l e(~log,(In2);+wx)

+g’(x) <0, Vx e(-w;—log,(In2))=> Ham s6 g(x) nghich bién trong khoang
(—o0;—log,(In2))=> Phuong trinh g(x) = 1 ¢6 mdt nghiém duy nhét

X = 0e(—o0;—log,(In2))

Vay phuong trinh ¢6 hai nghiém: x =0, x =1
Cach 2:

Duya vao dd thi ta thdy duong thiang y = x + 1 va dudng cong y = 2" chi cét nhau tai 2
diém (0; 1) va (1; 2) nén phuong trinh 2* = x + 1 ¢6 ding hai nghiémlax=0vax =1
Vay phuong trinh ¢6 2 nghi¢ém: x =0, x =1

Vi du 4: Giai phuong trinh 2% = —x? +8x—14 (1)

Gii:
biéu kién: x <3

Pit f(x) = 2, g(x) = —x* +8x—14

Tacd £() = 1 25 1n2<0, Wre(-w; 3) => Ham s6 f nghich bién trén (-eo; 3]

3 B x 14 1 r
Taco g’(x)=-2x + 8> 0, Vxe(-0; 3] => Ham s6 g dong bién trén (-o; 3]
Mait khac f(3) = g(3) = 1, nén phuong trinh (1) c6 nghiém duy nhat x =3
Vi dy 5: Gidi phuong trinh: log, (1+x ) =log, x (1)
Giai:
bicu kién x>0
Dit t = logsx ¢ x = 3". Khi d6 (1) tr& thanh

bg20+nﬁ;):t¢>1+vgrz2’c»(%j{+(J§Jt:1(2)

2

v 1s A (1 t \/5 t . 4 A \ _ " , ‘A
Vi ham so f(t) = (Ej +(7J nghich bién trén R va f(2) = 1. Vay (2) ¢6 nghiém duy
nhit t = 2. Suy ra (1) ¢6 nghiém duy nhat x =9
Vi du 6: Giai phuong trinh: 4(x—2)[log,(x—3)+log,(x—2)]=15(x+1) (1)
Giai:
biéu kién x >3
15(x+1)
4(x-2)
Ta thiy f(x) = log,(x—3)+log,(x—2) 1a ham s6 dong bién trén khoang (3; +)

Phuong trinh (1) < log,(x—3)+log,(x—2) =
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15(x+1)
4(x-2)
<0, V€(3 +oo))

Va ham s6 g(x) = 12 ham s6 nghich bién trén khoang (3; +) (Do g’(x) =

—45
4(x—2)
Talai c6 f(11)=g(11) = 5. Vay x = 11 1a nghiém duy nhat

Vi du 7: Giai phuong trinh: X 229 — x? 3logax _ yloe (1)

Giai: Diéu kiénx>0

Véi0<a#1vab>0,c>0taco pec =cl=’

Nén phu’omg trinh (1) & Qlogx _ 12 glogyx _ glogyx oy glogyx _ 12 _1(2) (DO 3logax > 0)
batt=logx & x = 2", khi do phuong trinh (2) tr¢ thanh 3'=4"-1

o f(t):(%jt +Gj _103)

Vi f(t) 1a ham sé nghich bién trén R va f(1) = 1, nén (3) c6 nghiém duy nhat t = 1, suy
ra x = 2 14 nghiém duy nhét ctia phuong trinh (1)

Vi du 8: Giai phuong trinh: €* =1 + In(1 + x)

Giai:

Diéu kién x > -1

baty=In(l +x) ®e'=1+x

e =1+y (1)
e =1+x(2)
Lay ()-(Q)tadugc:e*— ¢ =y—x & f+x=¢"+y @ f(x) =f(y) (3)
Trong d6 f(t) =e'+t
Taco £(t) =¢'+ 1 > 0. vdi moi t => Ham s f(t) dong bién trén R. Do d6 (3) &> x =y
Vay(1)<i>e =l+x® e -x=11)
Ta thay x = 0 1a mdt nghiém cua (4), ta chimg minh x = 0 1 nghiém duy nhét cua (4)
Xét ham sb g(x) = e* — x, voi x > -1
Tacog(x)—e -1,2x)=0~x=0
+Néu—1<x<0 th1 g’(x) < 0 => Ham s6 g(x) giam trén nira khoang (-1, 0] nén
g(x) > g(0) =1, vxe(-1; 0) => Phuong trinh (4) khong c6 nghiém x e(-1; 0)
+Néux>0 th1 g’ (x)> 0 => Ham s0 g(x) tang trén nira khoang [0; +o0) nén

g(x) > g(0) =1, vxe(0; +00) => Phuong trinh (4) khong c6 nghiém x < (0; +)
Suy ra phuong trinh (4) c6 nghiém duy nhat x =0
Vay phuong trinh ¢6 nghiém x =0
Vi du 9: Chirng minh ring phuong trinh: x° — x* —2x —1 =0 ¢6 nghiém duy nht.
Giai:
Pé chimg minh phuong trinh f(x) = 0 ¢6 nghiém duy nhét trén D ta c6 thé tién hanh
theo cach sau:
* Chiang minh phuong trinh f(x) = 0 luén c6 nghiém: bé ching minh diéu nay
ta can ching chirg minh f(x) lién tuc trén D va ton tai hai sb a, b sao cho f(a).f(b)<0
* Tiép theo ta chimg minh f(x) 1a ham luén ddng bién hoidc ludn nghich bién trén D.
Tro lai bai toan:
Xét ham sb f(x) =x* — x> — 2x -1
Ta c6 f(x) 1a ham lién tyc trén R va £(0).f(2) < 0, dan dén pt f(x) = 0 ludn c6 nghiém

Két hop vi phuong trinh da cho ta duoc hé phuong trinh: {
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Gia sir xj la nghiém cua phuong trinh f(x) = 0

Khi d6 xo° = X" + 2%+ 1 = (xo+ 1)*> 0, Vx,

Tur day ta suy ra dugc X > 0=>x,>0=>%, = (X + 1)22 1=>x,>1

Do vay ta chi can khao sat f(x) vdi x> 1

Ta co £(x) = 5x" - 2x - 2 = 2x(x’-1)+ 2(x* — 1) + x* > 0 nén f(x) 1a ham dong bién
trén [1;+00 ).

Vay phuong trinh da cho ludn c¢6 nghiém duy nht.

Chua y:

* Néu ching ta khao sat ngay ham f(x) thi chung ta khong thé c6 duoc f(x) 12 ham
ddng bién, do vay ta can han ché mién xac dinh ca x. Piéu nay ta c6 duoc 1a nhd vao
ban than cua phuong trinh.

* Pé chirng minh phuong trinh f(x)=0 c6 nghiém duy nhét trén D ta con c6 cach khac
d6 1a khao sat ham f(x) trén D, 1ap bang bién thién va tir bang bién thién ta suy ra
dugc do thi cta ham f(x) chi cat Ox tai mot diém.

Qua cdc bdi todn trén ta thiy vigc irng dung tinh don digu vao gidi mot sé
dang todn vé phwong trinh té ra hiéu qud va cho 10i gidi ngéin gon. Théong qua cdc
vi du do hi vong cdc em co thém nhiing ki nang gidi phwong trinh va nhdn dang
dwoc nhitng dang phwong trinh nao cé thé diung dong bién, nghich bién.

, B/ VE BAT PHUONG TRINH
I/ Giai bat phwong trinh
Vi du 1: Gidi cac bat phuong trinh sau:

5
1/3J3-2x +
g V2x -1

2N =2x+3 —x* —6x+11>3-x —[x—1
3/32x3 437 4+ 6x+16 <23 +/4—x
4/1og, x > log,(2++/x)
Loi giai:
DPK: 1<l
2 2

-2x<6

Xét ham sb f(x) = 3v3-2x + ~2x

2x—1
-3 5
B—2x 2x—D2x-1

khoang G,ﬂ => Ham s f(x) 12 ham nghich bién trén nira khoang (%,ﬂ

Taco f(x) =

-2<0,Vxe G%) va ham s6 flién tuc trén nira

Ma f(1) = 6, do d6 f(x) <6 =f(1) & x >1.
Két hop v6i didu kién ta c6 nghiém ciia bpt 1a: T = {1;%}

2)bK:1<x <3
Bit phuong trinh twong dwong: vx* —2x+3+/x—1>3—x +4/x* —6x+11
SJE =1 +2+Vx-1>3-x+/B-x)+2 & f(x—1)> (3 -x)
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Vé6i ham s £'(t) —\/zz +2 +JEveit>0
Ta co £°(t) =
®= W 2f

ham s f dong bién nira khoang [0; +oo).
Khi d6 bat phuong trinh d3 cho twong duong véi f(x - 1) > f(3 - x) & x—1>3 —x
Px>2
Vay nghiém ctia bat phuong trinh 1a: 2 <x <3 .

3)bK:-2<x<4
Xét ham s £(x) = V2x +3x> + 6x+16 —J4—x

3(x*+x+1) 1
+

V2x* +3x2 +6x+16  2V4—x
, do d6 f(x) 1a ham ddng bién trén doan [-2; 4].
Mit khéc: f(1) =243
Do Vaybpt f(x) <23 =1f(1) ® x< 1.
Két hop diéu kién ta co nghiém cua bpt 1a: - 2 <x <I.

4)PK: x> 0. bit logix=t® x=7'
Bit phuong trinh d3 cho trd thanh

t>log3(2+\/7)<:>3’ >2+\/7<:>1>2(%jt+(?}t:f(t)

Do f(t) 1a ham nghich bién trén R , f(2) = 1.
Nén bat phuong trinh f(t) < f(2) & t>2 hay log; x> 2 & x> 49.

>0,Vt e (0;+0) va f(t) 1ién tuc trén nira khoang [0; +o0) =>

Tacod f'(x)= >0, Vxe(-2.4) va lién tuc trén doan [-2; 4]

C/ VE HE PHUONG TRINH
Vi du 1: Giai h¢ phuong trinh:
' e’ =(log, y—log, x)(xy+1) (1)
X +y =1 (2)

Giai:
Picukiénx>0vay>0
Vi ham sd y=e' y=Int déu déng bién trén tap xac dinh cta no, nén:
+Néux>y>0thie*>eY=>VT=¢"-¢">0valnx>Iny=>VP=Iny—Inx <0
Suy ra (1) c6 VT > VP => (1) khong diing khi x >y

+Néu 0 < x <y thi tuong tu (1) c6 VT < VP => (1) khong diing khi x <y
+Néux =y>0thi (1) c6 VT = VP =0 =>(1) dung khi x =y > 0 (3)

Tur (2) va (3) gidi ta dugc nghiém hé phuong trinh lax =y = %

Vi du 2: Giai h¢ phuong trinh:
log, x = 10g3(\/;+ 4)
log, y =log,(vz +4)
log,z= log3(\/;+ 4)

Giai: Hé phuong trinh khong doi qua phép hoan vi vong quanh nén x =y = z
Tir d6 ta co log, x = log,(v/x +4)



Dit t = log, x & x = 5'. Ta duge phuong trinh
t=log,(V5 +4) & x/5_’+4=3f<:>(§J +4Gj =1

Phuong trinh ¢6 mot nghiém t = 2 duy nhét vi ham sd f(t) = (gj +4Gj nghich bién
trén tap R

Vay hé phuong trinh c6 mot nghiémx =y=z=25

Vi du 3: Giai h¢ phuong trinh:

1-x?

2° 2 =— —% )]

(X°y+2x) —2x°y+1-4x=0 (2)
Giai:
Ta c6 phuong trinh (2) & (x°y +2x)° = 2(x’y +2x) + 1 =0 &X'y +2x — 1)’ =0
<3=>Xy+2x—1<2:>y—1 2x

x
Khi doé (1)
1-x? 1-2x x? 1-2x x? 1-2x 2 _
I Pl 22x_§<:>2r e 2x¢>2r P N Ca IR (E3 P
X 2 2x° 2x

2

1-x .2 1-2x 2
- +12x;§ gy +12x2x ¢>f[ j: (1 2xj 3)

Vé6i ham s f(t) =2'+ % ta co (t) =2'In2 + 5 >0,vte R => Ham s f(t) dong bién

2

trénR. Do do (3) @ X - 1"2 & x =2
X X
Vay hé phuong trinh c6 mot nghiém: x =2,y = —%
Vi du 4: Gidi h¢é phwong trinh
2
eyZ_xz _ x2 +1 (1)
vy +1

3log,(x+2y+6)=2log,(x+y+2)+1(2)
Giai:
Pidu kién {“” +6>0
x+y+2>0
Taco (1) © y —x*=In(x*+1) - In(y* + 1) & In(x* +1) + x* + | =In(y* +1) + y* + 1
@ x>+ =f(y* +1) (3)
Trong d6 f(t) =Int +t vdit> 1, taco f(t) = %+1 >0,Vt e (I;+0) => Ham sd f(t) dong
bién trén khoang (1; +0). Tr d6 3) @ xX*+ 1=y +1 & x =ty
+ Voiy=-xthi (2) & log;(6 —x) =1 & x =3; y=-3 (thda diéu ki¢n)
+ V&iy =x thi (2) < 3log;(3x + 6) = 2logy(2x + 2) + 1 &3logs(x + 2) =2logy(x + 1)



bat 3logz(x +2) = 2logy(x + 1) = 6u ¢>{

log, (x+1) =3u

log,(x+2)=2u x+2=9"(4)
=
x+1=8" (5)

Tir (4) va (5) ta duoc: 1 +8°=9" & Gj +@ _1 (6)

Ta c6 ham s6 g(u) = (éj +(§j 12 ham s6 nghich bién trén R nén phuong trinh (6) co

nghiém duy nhatlau=1. Suyra2logy(x + 1)=6 &x+1=8 & x=7;y=7 (thda

diéu ki¢n)

Vay hé phuong trinh c6 2 nghiém: {x =3 ;{x =7
y==-3 |y=7

Vi du 5: Giai h¢ phuong trinh

2

1
25142 2302y )
2(x+y>2 +% [x_i_ :Z

2
Giai:
Diéukiénx>0vay=>0
2x2+1 3 _ 2(4y)2+1 3./4 2y _
He phuong trinh ¢ 1> Vx +3dy {f(x )= 1D (5
2o L3 x+y =7 Sx+y)=71)
Trong d6 f(t) = 2" ++/t v&it>0. Ta cé £(t) =2t.2° In2 + LI 0,v¢>0=>Ham s f

2t

A A A , ’=4 *e
dong bién trén [1; +o0). Do do (*) & RPN
x+y=1 ye

Vay h¢ phuong trinh c6 mot nghiém x = % ,y = %
Vi du 6: (D@ thi tuyén sinh PH khdi D — 2006)

A . e —e’ =In(1+x)—In(1+ y)
Cho hé phuong trinh:
y—-x=a
Chtng minh rang voi moi a > 0, hé c6 nghiém duy nhat
Giai:
H¢ phuong trinh < {y - a‘
f(x)=e""—-e"+In(l+x)—In(l+a+x)=0
Hé phuong trinh ¢6 nghiém duy nhat <> Phuong trinh
f(x)=e"" —e" +In(1+x)—In(1+a+x) =0 cO nghi€ém duy nhat trén khoang (-1; + o)
Taco f(x) = e —¢ PN
I+x l+a+x ) . )
Do a>0 nén f°(x) > 0, Vx> -1 => Ham s6 f dong bién trén khoang (-1; + )

Tacod lim f(x)= lim e (e" —1)+ lim In =+, cON lim f(x)=—o
X—>+0 X—>+00 X—>+00 1 +x+4+a xo—1"
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Nhu vay do tinh lién tyc cuia ham sd f suy ra phuong trinh f(x) = 0 ¢6 nghiém duy
nhat trén khoang (-1; +o)

3.2/ Cac bién phap cu thé :
1. Hinh thirc luyén tip trén I6p co sw hudng din ciia T hay gido.
Thyc hién trong pham vi mét s6 budi hoc tu chon. Thay gido giang mot sb vi
du mau, rdi cho bai tap twong tu dé hoc sinh vé nha 1am
2. Hinh thicc tw nghién ciru cdc bai todn co sw hwong ddin ciia thay gido.
Trén co so 1am bai tip vé nha, yéu cu cac em suu tAm, sang tao ra mot s6 bai
todn c6 dang tuong tu.
3.3/ Khao nghiém tinh cap thiét va kha thi.
Qua thuc té giang day hoc sinh kha gidi toan, t61 nhan théy hoc sinh van dung tbt dé
giai cac bai toan trong cac dé thi .

C. KET LUAN VA DE NGHI
1/ Két luén:

Sau khi t61 thuc hién day nhu trén t61 thﬁy hoc sinh co phﬁn nao manh dan, tu
tin hon khi giai toan vé dang nay va ham thich tim toi nhitng bai toan c6 cach giai hay
dé trao d6i v6i ban be va véi Gido vién.

2/ D¢ nghi:

- Mudn hoc sinh ndm chic kién thirc va van dung kién thirc d6 dé giai mot sb
bai toan kho, thi truéc hét ngudi thay chiu kho suu tim, tong hop mot sé chuyén dé
dé trang bi cho cac em va kich thich sy tim toi sang tao & cac em.

- Hoc sinh phai biét van dung linh hoat va hop ly cac phuong phap trén trong
qua trinh giai toan. Qua d6 dugc trang bi thém von kién thire phuc vu tt cho viée giai
toan.

Cam Ranh, ngay 10 thang 5 nam 2011
NHAN XET VA XEP LOAI NGUOI VIET PE CUONG
CUA TO CHUYEN MON

Nguyén Nghi
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BAI TAP
Bai 1: Giai cac phuong trinh sau:
/x+dx=5+Jx+7 +/x+16 =14

2/23x+1—- 3 =3-2x

N2—x
3/Jdx—1++4x* -1 =1

4/

Bai 2: Giai cac bat phuong trinh sau

12



2) Giai hé phuong trinh :

2 2 2
50007~ :x2+2010
y=+2010

3logz(x+2y+6)=2logr(x+y+2)+1

Giai:
2 2 2
20007 —x :x2+2010(1)
y=+2010

3logz(x+2y+6)=2logr(x+y+2)+1(2)

HDKix+2y+6>0vax+y+2>0

+) Lay loga co s6 2009 va dua vé pt:

X% + 108,50 (X2 +2010) = y* +10g 400 (¥ +2010)

+) Xét va CM HS f(t) =1 +10g,0, (1 +2010),7 > 0 d6ng bién,

tur do suyrax2’=y2<:>x=y,x=-‘y

+) Véi x =y thé vao (2) va dua vé pt: 3logy(x +2) = 2logy(x + 1) = 6t
‘ 1Y (8 ,

Pua pt vé dang (5) +(§j =1, cm pt ndy c6 nghiém duy nhat t =1

=>x=y=7

+) Véi x = - y thé vao (2) duoc pt: logzs(y+6)=1=>y=-3=>x=3

13



3/ Tim m dé hé phuong trinh sau c6 nghiém:
{(2x+1)[1n(x +1)-Inx]=Q2y+ D[In(y + 1) - Iny] (1)

Jy-1-2(+D)(x—=1) + mx+1=0 2)
Giai: bat fix)= (2x+ 1)[In(x + 1) — Inx] TXD: D =[0;+x0)
= @x+) X
X

Goi x;; X, € [0;+00) Vi X; > X,
2x, +1>2x,+1>0

Tacd: & x+l | x+l +=f(x)>/(x):f(x) laham s6 ting
x2

>In

X

Tu phuong trinh (1) = x =y

(2) > Vx-1-24(x-Dx+D) +m/x+1=0 < /—— / L em=0
x+1 x+1

bat X= => (<X<I1
x+1

Vay hé c6 nghiém khi phuong trinh: X*> —2X + m =0 ¢6 nghiém 0<X <1
it f(X) =X>-2X => f(X)=2X-2
==>h¢ conghitm< -1<m<0

.- R 21 A1 K R , A X —7x+6<0
Bai 3 : Tim m dé h¢ bat phuong trinh sau c6 nghiém
x2—2(m+1)x—m+320
X =T7x+6<0(1)
x2—2(m+1)x—m+320(2)
(I)e1<x<6. H¢ da cho c6 nghiém khi va chi khi ton tai x, e[1;6] thoéa man (2).
X' —2x+3
(2x+l)

Giai: Hé bat phuong trinh {

(2) e x*-2x+3>(2x+1)m >m (do x €[1;6]= 2x+1>0)

Goi f(x) —% e[1;6] H¢ da cho co nghiém < 3x, €[1;6]: f(x,)) = m
AChemers :2(();;)_24); F(9)=06 3 rx-4-0 r- T

Vi x€[1;6] nén chi nhan x = IJM/_ Ta co: f(l)_ f(6)—— f( 1+‘/_j _3+2\/ﬁ
Vi flién tuc va co6 dao ham trén [1;6] nén max f(x) :%

Do doé Elxoe[l;6]:f(x0)2m<:>rn['fl_§]f(x)2m@%Zm

14



II/ Tim diéy kién c1:1a tham s6 dé phu’o’ng trinh c6 k nghiém
Vi du 1: (Dé thi tuyén sinh PH khoi B — 2006)

Cho phuong trinh: vx* +mx+2 =2x+1
Tim m dé phuong trinh c6 hai nghiém phan biét

Giai:
1 X2 1
2x+120 >—— )
Phuong trinh <:>{ , SIS =T =3 23 dee
X" +mx+2l=4X +4x+ 3x2+4x_1=m(*) f(x): X" +4x— —m

(Vi x = 0 khong 1a nghiém phuong trinh (*))

2 r
Ta co f'(x)= 3x 2+1 , nén co6 bang bién thién sau:
X
t| -0 -1/2 0 +o0
£(t) + +
f(t) oo +oo
o N

Tt bang bién thién suy ra m > % 1a c4c gia tri can tim
Nhan xét: Néu ta tim diéu kién dé phuong trinh (*) c6 hai nghiém phén biét
> —%theo dinh 1i so sanh mdt s6 voi hai nghiém ctia phuong trinh bac hai thi khong

phu hop chuong trinh

Vi du 2: (Dé thi tuyén sinh PH khoi A —2007)
Cho phuong trinh 3vx—1+myx+1=23x* -1
Tim m dé€ phuong trinh ¢6 nghiém

Giai: PK: x> 1

Khi d6 phuong trinh < 3, [X=1 4 m = 241
x+1 x+1

Pt t = i/x‘l :i/l—i Pidukien0<t<1
x+1 x+1

f)=-3+2t=m
0<r<l1
Ta co £7(t) = - 6t + 2 va ¢ bang bién thién

Bai toan tr thanh tim m dé hé { c6 nghiém

15



t] - 0 1/3 1 +o0
HON 0 - ,
flt 173

0/ \_1 /
T dosuyra-1 <m s%
Vi du 3: (D@ thi tuyén sinh PH khéi B — 2007)

Cho phuong trinh x* +2x-8=m(x-2) (1)
Chtng minh rang véi moi m > 0, phuong trinh ludn ¢ hai nghiém thuc
Giai:

x=>2
(x=2)*(x+4)* =m(x-2)
x=2

Ta c6 voi m > 0, phuong trinh < (x-2)(x+4) = m(x-2) < {

x>2 x=2
Q{ —2)? +4)2—m(x—2)<:>{(x—2)(x3+6x2—32—711)—0<:> x>2
(=27 (> B B f(X)=x"+6x"-32=m

Ta co f(x) = 3x" + 12x > 0, ¥x>2, nén ta c6 bang bién thién

t| - 2 +o
PEN +
f(t) /-l-oo
0

Do f(2) = 0, nén tir BBT suy ra véi m > 0, phuong trinh f(x) = m luén luén c6 1
nghi¢m.

Vay v61 m > 0, phuong trinh (1) luén ludn c6 2 nghiém x; =2 va x; € (2;+»)

Vi du 4: (Dé thi tuyén sinh PH khoi B — 2004)

Cho phuong trinh: m(m—m+2) =2V1-x* +41+x7 —1-x* (1)

Tim m dé (1) c6 nghiém

Giai:

Patt= 1+ —\1-»* . Didu kién t > 0

Suyrat’=2— 2MS2,V€1}/0§'{§ 2

Ta cling co 21-x" =2 — . Khi d6 phuong trinh (1) tr thanh m(t + 2) = -t + t + 2

& =" m(2)

Bai toan trd thanh tim m dé phwong trinh (2) ¢6 it nhat mot nghiém te [0;v/2]

2
Ta ¢6 (t) = =~ va c6 bang bién thién
(t+2)
t| - 0 \/5 + o0
H0) -
0 1 \
V2-1

Vay V2-1<m<1
16



Vi du 5: (D@ thi tuyén sinh PH khdi A — 2002)

Cho phuong trinh: log) x ++/log) x+1-2m—1=0 (1)

Tim m dé phuong trinh (1) c6 it nhat mot nghiém thudc doan [I;Sﬁ}
Giai:

Pitt= m,véixE[l;sﬁ} thil<t<?2

Phuong trinh (1) tr¢ thanh: t? +t-2m-2=0& fit)=t"+t—2=2m(2)
Bai toan tr¢ thanh: Tim m d€ phuong trinh (2) c6 nghiém te[1; 2]
Ta c6 (t) =2t + 1 va c6 bang bién thién

t| -0 -1/2 1 2 +o
I\ +
f(t) 4
O/'

TeBBT tadugc 0<2m<4 & 0<m<2

Vi du 6: Tim m dé phuong trinh sau c6 nghiém: VP +2+4 P —2x+4 =m
Giai:

TXD: D=R
Xét ham s6 f(x) = Va? +2x+4 /x> —2x+4 trén tip R
Taco: f'(x)= X+l x|

\/x2+2x+4 \/x2—2x+4

f =0t Yl e —2xrd = (I +2x 44 (F)
\/x2+2x+4 \/x2—2x+4

=S (x+HD)(7 -2x+4)=(x-1)’(x*+2x+4) < x=0

Thay x = 0 vao (*) khong thda = f°(x) = 0 v6 nghiém = f’(x) khong doi dau trén R.

Maf(0)=1>0,suyraf’(x)>0, vxeR

Tacod lim f(x)= lim (\/x2+2x+4—\/x2—2x+4)= lim 4x =
xX—>+0w0 x>+ x4+oo\/x2+2x+4+\/x2_2x+4
lim 4 =2
e [ g 2 4
I+—+— +,1-—+—
X X X X
Ta c6 lim f(x)= im 4’“\/ : = lim—— 4‘4 -
X +2x+4+x" -2x+4 \/1+_+_2+\/1__+_2
i X X X X
Ta c6 BBT cua ham s6 f(x)
X oo + o0
£ (x) +
f(x) S 2
-2

Dya vao BBT ta co: Phuong trinh dé cho c6 nghiém « d6 thi ham sd y = f(x) va
duong thang y = m ¢6 giao difm trén R < -2<m <2
Vidu 7: Tim céc gia tri cia m dé phuong trinh sau c6 nghi¢m:
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I+ x+8—x +/1+x)8—x) =m (1)

Giat:

biéu kién: -1 <x <8

Pitt=Irx+v8—x.Tacot =—1——— 1 ygi-1<x<8

2J1+x 24/8—x

Ta cot =0 1 1 0 -1<x<8 7

acot’'=0 < - -0 o yx=_
2J1+x 24/8-x Jl+x=+8-x 2

Bang bién thién

7
X -1 L
2
t \\\g\ + 3_ <>
t 32
Tu BBT ta dugc 3<¢ <32
Tacot=Vl+x+/8-x & (\/mh/m)z N (l+x)(8—x):’2‘9

2

* -9

Phuong trinh (1) tré thanh : ¢+ =me f(t)=t'+2t—9=2m

Taco £(t) =2t +2> 0, Vre[3;3/2]. Ta cd BBT

t 3 - 342
O : N
f(t) \\ . / 9+6+/2 \

S6 nghiém cua phuong trinh da cho bang s giao diém cta do thi ham sd y = f(t) va
duong thang y = 2m trén doan [3;3v2] . Dua vao BBT ta suy ra phuong trinh ¢

9162
Y r hd r 2
II/ Tim diéu kién cua tham so de bat phwong trinh ¢6 nghiém

Vi du 1: Tim m dé bat phuong trinh m(\/xz -2x+2 +1)+x(2—x) <0 (1) c6 nghiém

thudc doan [0;1+\/§]
Giai:
Patt=vJx’-2x+2 = —x(x-2)=£" -2

x—1

VX =2x+2
X |- 0 1 1+3 +o0

3 0 /7
" ﬁ\l/,z//

TeBBTtaco 1 <t<?2
2

Khi d6 bit phuong trinh (1) tré thanh: m(t + 1) < £ —2 < m< tt = 12 — f{t)

nghiém < 6<2m<9+6y/2 < 3<m<

Tacot = ,t' =0 < x = 1. Ta c6 bang bién thién
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2 +2t+2
t+1)°
t -bo 1 2

o ; 777

fiey 1/§ //

Bét phuong trinh (1) c6 nghiém x e [0;1+\/§ ] < Bét phuong trinh (2) ¢6 nghiém

Taco f(t) = >0,Vt e[1;2]. Ta c6 bang bién thién cua f(t)

te[l;2] &m sz\[{%f;f(z):f(z)zg

Vi du 2: Tim cé4c gia tri ciia m dé bat phuong trinh sau c6 nghiém:

mx—~x-3<m+1(1)
Giai:

batt= vx-3>0 taduo’cx=t2+3
Bit phuong trinh (1) tré thanh m(t* + 3) —t<m+ | &m(t* +2) <t + 1
t+1

@m0 @
Taco P(t) = 222 ()= 0 t= —1243

(t+1)
Ta cod hm f(t)— lim aa =0

Y
BBT ¢ 0 1++3 +oo

PO\ \ + 0 -
/ ‘ \
% 0
Ta c6 bit phwong trinh (1) ¢6 nghiém khi va chi khi bit phwong trinh (2) ¢6 nghiém
V3+1

te[0; + o) <:>m£{\0{a>§f(t):

\/§+1
4

4

Vay véi m< thi bat phuong trinh (1) c6 nghiém

11/ Tim diéu kién ciia tham sé dé hé phwong trinh c6 nghiém

Vi du 1: (Dé thi tuyén sinh PH khéi D — 2007)

| |
X+—+y+—=95
I3 X
Tim m dé hé phuong trinh sau c6 nghiém: i d (1)

1
X +—=+)y +—=15m-10
X y

Gidi: Dt u=x+-,v=y+1, khi d6 [u>2; [v[>2
X Yy
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3
Ta lai co x3+L:(x+lj —3(x+lj:u3—3u, tuong tu y3+i3=v3—3v
y

3

X X X
u+v=>5 u+v=>,

H¢ phuong trinh tré thanh {u’ +v' -3u+v)=15m-10 = {uwv=8-m (2)
lu>2,|v[>2 |lu22,|v[=2

Ttr do suy ra hé (1) va (2) c6 nghiém khi va chi khi phuong trinh £(t) = t—5t+8-m
= 0, c6 ca hai nghiém t déu thoa [t>2
Ta c6 f(t) =2t — 5 va c6 bang bién thién:

t |- -2 2 5/2 +o0
£(t) - - 0 +
f(t) —|-oo\A Z\ / +o
22 7/4

Vay cac gié tri can tim ctia m 1a m > 22 hoic %s m<2

o {x2—3x—4£0

Vi du 3: Tim m dé hé bat phuong trinh sau c6 nghiém 1§ , s
x =3|x|x-m —15m=>0

Giai:
Taco:x*—3x—4<0 -1 <x<4
H¢ bat phuong trinh da cho c6 nghiém < x’ -3|x|x-m’>—15m > 0c6 nghiém xe[-1; 4]
< x =3|x|x>m’*+15m c6 nghi€ém xe[-1; 4]
X +3x% khi-1<x<0
x' =3x> khi0<x<4
3x7+6x khi-1<x<0
3x° —6x khi0<x<4
f(x) =0 < x=2, '(x) khong xac dinh < x =0
Ta c6 bang bién thién

Pit f(x) = x* — 3[x|x = {

Taco f(x) = {

x| -1 0 2 4
(%) - I - 0 +
) 2\ 16
4 /

T BBT ta c6 f(x) > m” + 15m c¢6 nghiém xe[-1; 4]©%i§f(x)2 m’+ 15m < 16>

m’+15m < m’+15m -16 <0 <-16<m<1

Vay h¢ bat phuong trinh da cho c6 nghiém < -16 <m <1
Vidu 4:

x*—y* 43y =3x-2=0

x2+\1-x =3{2y—y* +m=0

Tim m dé hé phuong trinh: { c6 nghiém thuc.

Giat:
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A —xZ> _1<y<
biéu kién: {1 x=0 { Isxs<l

=
2y—y220 0<y<2

Pitt=x+1=1te[0;2];tacd (1) &£ -3F=y"-3)* (1)
Ham sb flu) = w = 3u’ nghich bién trén doan [0; 2] nén:

(Dey=toy=x+1=>02)c x*-2J1-x* +m=0
Pit v=v1-x* =ve[0;1]=> Q) oV +2v—1=m.

Ham s6 g(v) =v* + 2v — 1 dat min g(v)=-1; maxg(v)=2
[0:1] [0:1]

Vay hé phuong trinh c6 nghiém khi va chi khi =1 <m<?2
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